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1. Introduction 

The concept of quantization has a long history. MathematicaUy, it originated 
from Hermann Weyl who introduced a mapping from classical observables — 
functions on the phase space R^" — to quantum observables — operators in the 
Hilbcrt space The idea was to express functions on R^" as Fourier trans- 

forms and to replace the exponential kernel — the one-dimensional representa- 
tion of the Heisenberg group — by the corresponding unitary group element in 
the von Neumann infinite-dimensional representation of the Heisenberg group, pa- 
rameterized by the Planck constant h. The inverse mapping was constructed by 
E. Winger H by interpreting classical observables as symbols of operators. Later 
on, Moyal ||] and Groenewold Q have shown that the symbol of the commutator 
or of the product of operators is the sine (respectively, exponential) function of the 
bidifferential operator of the Poisson bracket applied to the corresponding symbols. 

In the early 70's, Berezin was developing the general mathematical definition of 
quantization as a kind of a functor from the category of classical mechanics to a cer- 
tain category of associative algebras In particular, he considered quantization 
on Kahler manifolds. However, Berezin's approach was analytic in nature and it re- 
quired very restrictive geometric conditions on the underlying Kahler structure Q . 
As a result, the only meaningful examples established in ||^ were C" and homoge- 
neous bounded domains in C". Later on, Berezin's approach and its relation with 
geometric quantization were developed in Only recently in |^ A. Karabegov, 

using local operator- type constructions, has proved that on an arbitrary Kahler 
manifold there exists a special deformation quantization (with "separation of vari- 
ables") which is local and is parameterized by an arbitrary formal deformation of 
the Kahler potential. 

About the same time as Berezin, Bayen, Flato, Fronsdal, Lichncrowicz and Stern- 
heimer |l0| considered quantization as a deformation of the usual commutative 
product of classical observables into a noncommutative associative product which 
is parameterized by the Planck constant h and satisfies the correspondence princi- 
ple. In H, |oj they systematically developed the concept of deformation quantiza- 
tion as a theory of * - products and gave an independent formulation of quantum 
mechanics based on this notion. The BFFLS approach was inspired by the work 
of Vey on the deformation of Poisson structures, where the idea of the ★ - 
product had already appeared. Subsequently, the work |l^ laid a foundation 
for the deformation quantization, a theory that utilizes pure algebraic approach 
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based on Hochschild cohomology to the deformation of associative algebras, devel- 
oped by Gerstenhaber ||l^, together with the Chevalley-Eilenberg cohomology of 
the Poisson-Lie algebra of classical observables. 

Because of its physical origin and motivation, the problem of deformation quan- 
tization was first considered for symplectic manifolds. First results in this direction 
were theorems by Vey [0 and Neroslavsky and Vlasov |13 that deformations of 
the Poisson-Lie algebra and of the commutative algebra of classical observables 
exist whenever the third Betti number of a symplectic manifold vanishes. It was 
shown in [Q that for any symplectic manifold there exists a fourth order quan- 
tization. Finally, the problem of existence and classification of * - products on 
arbitrary symplectic manifolds was solved by De Wilde-Lecomte ^61. Another 
approach was taken in |l^ and Fedosov |19 . In particular, in |l9[ | a rather 



explicit construction of the * - product was given. 

The problem of deformation quantization is naturally formulated for the Poisson 
manifolds as well. Until recently, the best known example of such quantization 
was the Etinhof-Kazhdan theorem |^ that every Poisson-Lie group can be quan- 
tized. The situation changed when M. Kontsevich proved |^ his famous formality 
conjecture, which, in particular, implies that deformation quantization exists on 
every Poisson manifold. In addition to this general result, Kontsevich presented a 
universal formula for the deformation quantization of an arbitrary Poisson struc- 
ture on R". This remarkable formula gives a ★ - product of smooth functions on 
M" as formal power series in h of bidifferential operators parameterized by graphs, 
with coefficients given by integrals over certain configuration spaces. As was stated 
in pl| ], this series resembles a perturbation expansion of the topological sigma- 
model of B type (after a suitable supersymmetry transformation). Recently, this 
perturbation expansion was carried through in p2| . 

The present paper appeared from an attempt to understand further the analogy 
with the perturbation expansion. Specifically, we observe that there exists a simple 
integral formula for the deformation quantization on Kahler manifolds based on the 
finite-dimensional formal integral, defined through the Laplace method approxima- 
tion. Quite naturally, coefficients of the corresponding formal power series can be 
written in terms of "Feynman graphs" . 

Remarkably, the integral that we consider is almost identical to the one used by 
Berezin The difference, however, is that now we regard it as a formal power 
series in the deformation parameter h, and our approach works for an arbitrary 
Kahler manifold, whereas Berezin was considering a ★ - product given by a con- 
vergent integral in some complex domain. As the result, he was forced to impose 
certain global restrictions on the Kahler manifold, which make his approach mean- 
ingful only for C" with the standard Kahler structure and for flag varieties, as 
discussed in Q (and in for generalized flag varieties). In comparison, our 
approach gives a direct proof of the theorem proved by Karabegov |^ in terms of 
Berezin's original integral. 

The organization of the paper is as follows. In section 2 we recall some basic 
facts from Berezin's paper In the next section we construct the non-normalized 
* - product: deformed product for Kahler manifolds, given by a simple (formal) 
integral formula, which does not preserve the unit element of the commutative 
algebra of classical observables. In section 4 we present the normalized * - product, 
which preserves the unit element, and show that there exists formal Bergman kernel. 



DEFORMATION QUANTIZATION 



3 



In the appendix, we prove the equahty between two types of the formal integrals 
introduced in the paper. 

2. Berezin's quantization 

2.1. Covariant symbols. Consider a complex manifold C" endowed with a Kahler 
metric 

n 

ds^ = hfjdz' (gi dz^ . (2.1) 

Since C" is a two-connected Stein manifold, every Kahler metric on it admits a 
global potential ^{z,z), i.e. 

where we are using complex coordinates z^,z'^, i = 1, . . . , n, on C". Let 

1 " 

uj = --lmds^ = -^Y- H ^i'j'^^' ^ (2-3) 

be the corresponding symplectic form. It induces a Poisson structure on the algebra 
^ = C°^{C" } of classical observables 



{/i, /2} = ^ h^Hdihd^h - djfM), (2.4) 



where di = d/dz^, di = d/dz^ and /i*-' are matrix elements of the inverse matrix 
of the matrix H = (/ijj) of the Kahler metric. 
Let ?i be a positive real number. Denote by d/in = (w/tt/i)" normalized volume 
form on C", 

^^-TT \dz^ A dz^l ,„ 
dfin{z,z)=detHl[ ^ (2.5) 

1=1 

and define Hn as the Hilbert space of complex valued, measurable functions on C" 
which are square summable with respect to the measure e' -H^,i)lf^diin{z,z). The 
inner product of /i , /2 G Tih is given by 

{fi,h)= f h{z,z)M^)e-''^^^-^'^'Hiin{z,z), (2.6) 

where in order to distinguish C°° functions on C" from the holomorphic ones, we 
denote the former by /(z, z), and the latter by f{z). 

Let Tfi C Hh be the subspace of holomorphic functions and P : Hh — > J^h be the 
corresponding orthogonal projection operator. Explicitly, 

{Pf){z)= [ Bn{z,v)f{v,v)e-^^-'''y''di,n{v,v), (2.7) 

where Bfi{z,v) is the so-called Bergman kernel. It is defined by the following abso- 
lutely and uniformly convergent series: 

oo 

Bn{z,v)=Y,fk{z)h^), (2.8) 
fe=i 
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for an arbitrary orthonormal basis {fk} in with respect to the scalar prod- 
uct 

Representation (2.7) shows that holomorphic functions $b(z) = Bfi(z, v), param- 
eterized by w € C", form a complete system in J-^fi. For every bounded operator F 
in define its covariant symbol |^ with respect to the complete system {^v}veC" 
as the restriction to the diagonal w = z of the following function 

defined on C" x C". The function / is holomorphic in z and anti- holomorphic in v. 

Denote by Ah the linear space of covariant symbols of bounded operators in JF^; 
there is a natural inclusion An C A. Then, according to , we have the following 
result. 

Lemma 2.1. The space of covariant symbols An is a C-algebra (an associative 
algebra over C with unit), with the * - product given by the following integral 

{fi*nf2){z,z)= f h{z, v)Mv, -z) ^''("^^)^^(^' e"'^^'^y^d^in{v, v), (2.10) 

and with the unit given by the symbol of the identity operator — function on C", 
identically equal to 1. Also, there exists a trace functional tr : APf^ C, defined on 
symbols of bounded operators of the trace class by the formula 

tr/=/ f{zrz)Bn{zrz)e-'^^'''-^'''d^in{z,z), (2.11) 
and it is cyclically invariant 

tr(/i *h f2) = tr(/2 fi)- 

Proof. It is a straightforward computation; see ^, ^ for details. The associativ- 
ity of the ★ - product follows from the associativity of the operator product. It 
can be also verified directly from the integral ( p.lC ) using the Fubini theorem; all 
issues regarding convergence, etc., are standard. The same applies to the cyclic 
trace property. Finally, the property of the unit follows from the definition of the 
Bergman kernel. □ 

2.2. Contravariant symbols. A bounded operator F in is called a Berezin- 
Toeplitz operator, ii F = Pf, where / is a multiplication operator by a function 
/ G Tin, called the contravariant symbol of F. Covariant symbol / of the operator 
F can be expressed through its contravariant symbol / (if it exists) as follows ||2^ 

f{z,z)=f />, V) B'^^'f^r.iv, -z) ,-^(.,.)/.^^^(,^ (2.12) 
Jc" Bti{z,z) 

The proof is a straightforward computation. The correspondence f ^ f defines a 
linear operator In : Th ^ ^h, hif) = f- 

Lemma 2.2. If F is a Berezin-Toeplitz operator in Tn with contravariant symbol 
f, then for all g G J-n we have |^ 

Fg{z)= I Bniz,v)fiz,v)giv)e-''<^^^'^^^d^in{v,v), (2.13) 
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where f is the covariant symbol of F, given by the formula (2.12). Also, the product 
of Berezin- Toeplitz operators Fi and F2 with contravariant symbols fi and /2 can 
be expressed through their covariant symbols fi and /2 by the following formula: 

{F^F2)g{z)^ I Bn{z,v)ifi*f2)iz,v)e-^^--^^/^diin{v,v). (2.14) 



Proof. It is another straightforward computation, based on the foUowing expression 
of ★-product of covariant symbols through corresponding contravariant ones, 

(fi*hf2)(z,z) ^ fi(v,v)f2{w,w) ^-r^\ (2.15) 

J J C"xC" ^h[z, z) 

□ 



If the hnear operator In, were one-to-one and onto, equation (2.15) would allow to 
introduce the product of contravariant symbols as follows 

fiinh = In\lnUi) Hh))- (2.16) 

In general |2^, however, the operator 1^ is not onto, since there exist bounded 
operators which do not have contravariant symbols. 

2.3. The correspondence principle. To consider the family of associative al- 
gebras {Ah]h>o as a quantization of the Poisson algebra of classical observables 
A = C°°(C"), the "correspondence principle" 

lim ^^(/i /2 - /2 /i) - {/i, M, (2.17) 

should be valid for "suitable" continuous families fi{z,z]h) G An C A, where in 
the right-hand side /^ (z, z) = fi{z, z; K) \ fi=a G .4, z = 1, 2. 

In order to verify (2.17) and to introduce these families of symbols, Berezin [^j 
made several assumptions. 

First, he assumed that Kahler potential ^(z, z) admits an analytic continuation 
^{z,v) to C" X C". Setting 

Bn{z,v)^e'^('^''^/''en{z,v), (2.18) 



one can rewrite the integral (2.1C) as follows 

{fi*U2){z,-z)= I fi{z, v)f2{v, z) ^^"l^;' e^(---'^'^y^d^in{v, v), (2.19) 
Jc" en.{z,z) 

where (j){z, z;v,v) = ^{z,v) + ^{v,z) — $(z,z) — ^{v,v) is the so-called Calabi 
diastatic function of the Kahler form lu. 

Remark 2.3. When Kahler form ui is real-analytic, the Calabi function is globally 
defined in some neighborhood of the diagonal in C" x C" . In general, for an arbitrary 
Kahler manifold with a real-analytic Kahler form, the Calabi function is defined in 
some neighborhood of the diagonal in Af x M. 



The exponential factor in integral (2.19) has a critical point at w = z, so that the 
Laplace method is applicable (for smooth functions /i and /2), provided that the 
asymptotic behavior of as fi — > is also known. In Q , Berezin did not consider 
this problem, which we address and solve in section 4. Instead, Berezin made the 
second assumption (hypothesis A-D in [|j), that eri{z,v) — 1 for all z, w G C". 
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This condition is very restrictive. It implies (see 0, Theorem 2.5) that logdet H 
is harmonic, so that Berezin's quantization works only for very special Kahler man- 
ifolds, essentially, for the flag varieties and their generalizations. The corresponding 
construction depends on a particular choice of the Kahler potential and is coordi- 
nate dependent. 

3. NON-NORMALIZED ★ - PRODUCT FOR KAHLER MANIFOLDS 

3.1. Non-normalized * - product for C". Let $(z, v) be analytical continuation 
of ^{z, z) to C" X C" and let ^(z, z; v, v) = v) -I- z) - $(z, z) - v) be 
its Calabi function. The following statement holds. 

Lemma 3.1. The point v = z is a critical point for the Calabi function (f){z, z; v, v) 
considered as a function of v and v. One has the following expansion 



{z,z;v,v)^- jYj^'^ij{v~ zYiv 

|/|+|./|>i 



z)\ 



with the standard notation for the multi-indices I — (ii, . . . ,«„), J = (ji, . . . , j„), 
\I\=ti + --- + in, |J| = ji + ---+j„, n = ii\---inl, J! = ji!---j„!, 

{v - zY = {v^ - z^Y' ■ ■ ■ {v" - z^'^Y", {v - zy = {v^ - z^y^ •••(?;"- z")^". 

Here 

where I' = I\ {ii}, J' = J \ {ji} and = dl' ■ ■ ■ d'^ , = 9f • • • 9^". In 
particular, (^fj = didj^ = hfj. 

This lemma shows that coefficients of the Taylor expansion of (j) at the critical 
point V = z depend only on the Kahler metric. The following definition is thus 
justified. 

Definition 3.2. The non-normalized * - product is a C[[ft.]]-linear map 

• : A[[h]]® A[[h]] A[[h]], 

defined by the following formal integral 

if,,f^){z,z)= f f,{z,v)f2{v,z)e'f'(^^-^-'^'''y'^dt,niv,v), (3.1) 



i.e. the formal power series in h that arises from the Laplace expansion at the critical 
point V — z. 



Remark 3.3. In the formal integral (3.1) there is no need to assume that functions 
/i and /2 admit analytic continuation into C" x C". The definition of the • - product 
uses the formal expansion around the diagonal in C" x C" and depends only on 
the values of /i and /2 and of their partial derivatives on the diagonal. Specifically, 
the integral can be written as the following formal power series in — ft, 

ifi'f2)iz,z)^ [ /i(z,z + 6y)/2(z + ey,z)e*(^^^"^^+^'''^"+^«")/^'d/i(y,y). (3.2) 



where (f){z, z; z + ey, z + ey) is the formal power series in e determined by lemma ^j] , 
/i(z, z + ey) and f2{z + ey, z), are given by their formal power series expansions. 
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dfj,{y,y) — (w/tt)" and Gaussian integrations have been performed (see (3.4) in 



the next subsection). Equivalently, the formal integral (3.1) can be defined by the 



asymptotic of the distribution exp((/)(z, z; v, v)/h) as h —> 0. 

Lemma 3.4. The product • is associative, 

ifi • /2) • /a = /i • (/2 • /a), 

for all /i,/2,/3 e A. 

Proof. It follows from the definition of the Calabi function that 

0(z, w, V, v) + (f>{z, z, w, w) — 0(w, z, w, w) + (f){z, Z, V, v). 

Therefore, both sides of the associativity equation are equal to the same formal 
integral 

/i(z, v)f2{v, w)f3{w, z)e^^^''''^'^^+^^^''-^^'^^^/^df,n{v, v)dfin{w, w), 

C"xC" 

provided that one has the formal analog of the Fubini theorem: "double formal 
integral equals to the repeated formal integral" . 

The latter statement can be proved as follows. First, it is clearly valid for con- 
vergent integrals, provided that all sufficient conditions for the uniform convergence 
are satisfied. These conditions are in the form of inequalities for the coefficients $7 j 
and for the Taylor coefficients of /i, /2, /a. Since the associativity equation can be 
written as a system of polynomial equations for these coefficients, these equations 
hold for arbitrary values of the coefficients involved — "the nonessential property 
of algebraic identities" principle. 

□ 

3.2. Feynman graphs and coefficients of non- normalized ★ - product for 

C". Here we represent the formal power series for the • - product using Feynman 
graphs (see any textbook on quantum field theory; for a mathematical exposition 
see, e.g. [|3|). 

Let r be a graph, i.e. a finite one-dimensional simplicial complex with oriented 
edges. The graph F is locally oriented if an enumeration of identically oriented 
edges is fixed around each vertex. 

Consider a locally oriented graph F equipped with the following data. 

(i) For each edge e g Fi of F there are given a finite-dimensional vector space Ve 
over C, its dual space V^, and a linear map Le : Ve- 

(ii) For each vertex S Fq of F there is given a linear map 

equivariant with respect to the symmetric group, which acts by permuting 
the factors in the tensor product. Here e~ , i = 1, . . . , n, are incoming edges, 
and e^, j = 1, . . . ,m, are outgoing edges in the star T{v) of the vertex v. 
Also, it is assumed that the tensor product of vector spaces parameterized by 
the empty set is C. 

To define the partition function of a locally oriented graph F with data, choose for 
every edge e S Fi a basis {ei^}^™i^^ in the vector space Ve and let {s^"}'^"^^" be 
the dual basis in V^- Denote by {-fv)i-i+ , (ie)'^^'°, where /_ = {i^- , . . . , i^-^} and 
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= , . . . , ig+ }, the corresponding matrix elements of the hnear maps and 

def 

Le, and set N = hi{T) — #(ri). Then the partition function of F is given by the 
foUowing expression, 

dimVe^ dim 

where k,, = for the unique w € Fg such that e = e^^ and 1^ = i^- for the unique 
V GTq such that e — e~^. 

Due to the equivariance property of maps 7^, the partition function Wr does 
not depend on the ordering of identically oriented edges around each vertex of the 
graph F. It also does not depend on the choice of bases in vector spaces T4, and is 
an invariant of the locally oriented graph F with data. 

The partition functions of graphs with data are building blocks for expressing 
the asymptotics of integrals through Feynman diagrams. Specifically, consider the 
formal integral (3.1) which, by remark 3.3, we rewrite as follows. 



Here e = \/h and 

n 

{Hy,y) = ^ h,j{z,z)y''y\ 

where H ~ [hq) is the matrix of the Kahler metric, and 

V{z,z;y,y;h) = - ^ — <i>jj{z,z)y^y^ 



(3.3) 



/| + |J|>2 



f^(\I\ + \J\)/2 

E — Yrf^-^ij{^rz)y'f, 
\i\,\J\>o 



where we are using notations of Lemma 3.1 and 

^ij{z, z) = d'B^ log det iJ (z, z) 



The evaluation of the formal integral (3.1) is based on the fundamental formula 
of Gaussian integration 

yif^-iHy.^ fl = ^(a^a-e(-^-)) |_-.o . (3.4) 

i—l 

Namely, expand fi{z, z + e y)f2 {z + ey, z) exp F(z, z; y, y; h) in power serie s in e and 
evaluate each term using (|3.4|). As a result, one gets an expression of ( ^.l[ ) as a 
formal power series in ^ = with coefficients given as sums over a subset Q of the 
set of all locally oriented graphs. 

This subset Q is characterized by the two conditions. First, for every F e t/, the 
set Fq always contains two special elements: a vertex R with only incoming edges, 
and a vertex L with only outgoing edges (see Fig. 1). 

Second, the complement of the set {L, i?} in Fq consists of vertices of two types, 
"solid" and "hollow", cither one or both of these sets may be empty (see Fig. 2). 
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"Solid" vertices "Hollow" vertices 



Figure 2. 

For every T € G let Aut(r) be the subgroup of the group of automorphisms of F 
that maps vertices to the vertices of the same type and preserves L and R vertices 
and let | Aut(F)| = #Aut(r). Also set x(r) = #(ri) - #(Fg), where Fg C Fq is 
the subset of "solid" vertices. 

The next theorem summarizes the description of the formal integral ( |3.l|) in 
terms of Feynman diagrams. 

Theorem 3.5. The non-normalized ★ - product • is given by 

/i-/2 = Z.^^^r(/i,/2), 

where Z?r(/i, /2) = Wr is the partition function of the graph T (z G with the follow- 
ing data. 

1. For each edge e G Fi there are given a vector space V ~ C" with the standard 
basis {si}, its dual space V' = C" with the dual basis {e^} and a linear map 
L : V' —> V, defined by K{e^) — X]r=i h'^'' i^, z)si, where h^^ are elements of 
the matrix . 

2. For each "solid" vertex Vg, with n incoming and m outgoing edges, there is 
given a linear map "fy^ : y®" defined by the matrix with elements 
-^lAz.z). 

3. For each "hollow" vertex Vh, with n incoming and m outgoing edges, there is 
given a linear map 7.y^ : y®" — > (y')®™^ defined by the matrix with elements 

4. For the special vertex R, with n incoming edges, there is given a linear map 
IR ■ y®" — > C, defined by the matrix with elements f2i{zz) = f2(z,z). 

5. For the special vertex L, with m outgoing edges, there is given a linear map 
7l : C ^ (y)®" defined by the matrix with elements fij{z, z) — d"^ fi{z, z). 

Remark 3.6. Elements of linear maps assigned to solid and hollow vertices are both 
expressed through the Kahler metric and, therefore, are related. These relations 
are obtained from the fundamental one 

d,\ogdetH ^ tr{H-^d^H), 

which is represented graphically in Figure 3, by successive differentiation. 
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Figure 3. 

Typical examples are 

logdetif = tT{H-^dfjH) - tT{H-^d^HH-^djH), 
depicted as equality of weights of graphs in Figure 4, and 

dfjklogdetH = tT{H-^d^HH-^djHH-^dkH) 

- tT{H^^dfjHH-^dkH) + tT{H^^djHH-^dkHH-^d^H) 

- tr{H-^dfkHH-^djH) - tT:{H-^diHH-^d%H) 
+ ir{H-^d%^,H), 

presented in Figure 5. 




Figure 5. 
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Lemma 3.7. The first two terms of the product fi • /2 are given by 



/i • /2 - /1/2 + HAf^f2 + J2 f^'djfM) 

1-2 ^ ^ 



ij = l k,l = l 

h^''d,h^'dlf^dkf2 + K^d,h'''difidlf2) 



J2 h^Hd,{Af^)d,f2 + d,fid,{Af2) (3.5) 



Here 



1 " - - 
A = - ^ /I'^S.ajlogdetir, 



2 

anii t/ie term h^Dfif2 is the contribution from the vacuum diagrams, i.e., graphs 
with no edges adjacent to special vertices L and R. 



Proof. It is an easy computation, based on theorem 3.5 and remark 3.6. □ 
Diagrammatically, this expression is given in Figure 6. 

Corollary 3.8. The product • gives a deformation quantization of the symplectic 
manifold (C", lu) with the property fi'f2 — f2'fi, where f{z, z) — f{z, z). 

Proof. As it follows from the previous lemma, 

/i • /2 = /1./2 + 0{h), 

fl'f2-f2'fl = ^{/l: f2} + 0{h% ^^-^^ 

SO that the correspondence principle is valid. The symmetry with respect to the 
complex conjugation follows from the definition of the • - product. □ 



Remark 3.9. Another way to represent the formal integral (3.1) in terms of Feyn- 
man diagrams is to rewrite it as a formal integral over the supermanifold IITC" 
— the total space of the tangent bundle over C" with reversed parity of the 
fibers. Namely, introducing Gaussian integration over the Grassmann variables 
f ,f , « = 1, ■ • • ,n, we get 



/i(z,z;)/2(«,^)e^(^'^"^"^^")/'^a;" 

= / /i(z;,z)/2(z;,z)eW(-.--^''>«)/'-'+W''.«)«'«)>fr^flA^d^^d^-i, 

where (H^,^) — X]"j=i ^ijC^'' ■ Expanding into power series in e = Vft through 
V — z + ey, V = z + ey, and using the fundamental formula of Gaussian integration, 
we obtain a representation of /i • /2 in terms of Feynman diagrams with " bosonic" 
and "fermionic" vertices. 
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) 




vacuum diagrams 
of order 2 



higher terms 



Figure 6. 



3.3. The trace. On the subspace C ^ of compactly supported functions con- 
sider the foUowing C[[h]] - Unear functional r : >lc[[^]] C[h~^, h]] 



rif) 



f(z,z)dnn(z,z). 



(3.7) 



Proposition 3.10. The functional r is cyclically invariant: 

T{h*h) = r{h'h)- 

Proof. It follows from the definitions that t(/ • g) E C[h^^,h]] is given by the 
Laplace expansion around v = z of the following formal double integral: 



f,{z,v)f2{v,z)e^^'''''''''^/''dfxn{v,v)dfxn{z,z), 



C"xC" 
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which is symmetric with respect to v and z. □ 



Remark 3.11. In terminology of |2^, the existence of the cychc trace functional 
implies that the • is a strongly closed * - product. 

Remark 3.12. Instead of the subspace Ac of compactly supported functions on C", 
one could consider a larger subspace for which the functional t makes sense. How- 
ever, this subspace would depend on the global properties of the Kahler potential 
The subspace Ac is the maximal in A with the property that r is well-defined 
for an arbitrary Kahler potential. 

3.4. The non- normalized ^-product for Kahler manifolds. Potentials for 
the Kiihlcr metric ds^ on C" form a family $(z, z) + f{z) + f{z), parameterized by 
entire functions /. However, the Calabi function (f){z,z;v,v) does not depend on 
the choice of / and i s a w ell-defined function in a neighborhood of the diagonal in 
C" X C" (cf. remark^. 

The following theorem states that the • - product is "functorial" with respect to 
the holomorphic change of coordinates. 

Theorem 3.13. Let w ~ g(z) he a holomorphic change of coordinates in a neigh- 
borhood U C C" of a point zq G C" . Then 

ifi • /2) o 9\u = ((/i o g) . (/2 o g))\u, (3.8) 



where {fog){z,z) = f{g{z),g{z)). 

Proof. The integral (^]^) is invariant with respect to a local change of coordinates 
z 1^ w = g{z) since z] v, v) is a well-defined function on U x U. The same 
applies to the power series expansion of ( p.l| ) , which is "the only thing that actually 
exists" . □ 



Corollary 3.14. Formula (3^) provides a deformation quantization of an arbi- 
trary complex symplectic manifold — a complex manifold M with a symplectic form 



Proof. It is an immediate consequence of theorem 3.5. Consider an open covering 
of Af, 

with the property that for every a € A the forms = ^\ua admit a representa- 



tion (2^)- (p.3[ ) with some Kahler potential On every Uq. define the * - product 
fi • /2 of /ij/2 G C°°{Ua) as before. Though Kahler potentials on 11^ do not 
necessarily agree on the intersections Ua H the corresponding Calabi functions 
4>a on Ua, which exist for real- analytic w, combine to a well-defined function in 
some neighborhood of the diagonal in M x Af . Applying the previous theorem in 
the real-analytic case, we conclude that /i • /2 G C°°(Af)[[fi.]]. Since the coefficients 
of the * - product are polynomials in elements of H and and their partial 

derivatives, the same conclusion holds for the smooth case. □ 
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4. Normalized * - product for Kahler manifolds 

4.1. Normalized ★ - product for C". Although the product • solves the prob- 
lem of deformation quantization for complex symplectic manifolds, it has two draw- 
backs. First, its power series expansion is given by bidifferential operators whose 
coefficients contain elements of the matrix as well as elements of H. This 

implies that the product • is not suitable for the deformation quantization of com- 
plex Poisson manifolds, where the coefficients should depend on the elements of the 
inverse matrix only. Second, the product • does not preserve the unit element 
1 in the commutative algebra A. 

The second problem can be easily resolved. It is well-known ||2^ in the deforma- 
tion theory of the associative unital algebras that the unit element for the deformed 
product always exists. It easily follows from the fact that Hochschild cohomology 
classes H* {A, A) for a commutative C-algebra A can be represented by normalized 
cocycles. Indeed, normalizing the coefiicients of the ★ - product • in one gets 

the unit element for • as a formal power series expressed through these coefficients. 
Thus in our case, the unit element is given by 

oo 

en(z, z)^l + Y, ft'e«(^, ^) G AMI (4-1) 

1=1 

and is uniquely characterized by the equations 

en' f = f'en = f, (4.2) 

for all f € A. Because of the symmetry property with respect to the complex conju- 
gation, only one of these equations is independent. Specifically, for the coefficients 
6/ one has the following system of equations 

oo ^ 

Y^h} e«(z,z;)/(z;,z)e^(^'^"^"''^)/''d/.ft(^;,^;) = /(z,z), (4.3) 

for aU f (^A. 

Remark 4.1. It is not difficult to find the first few coefficients of the unit en- Indeed, 
using lemma 3.7 and the notations there, we get 

en = l-hA + ti^{A^ ~ D) + 0{h'^), (4.4) 

so that eti{z, z) is an invertible element in ^[[/i]]. 

Now we can introduce the normalized ★ - product by twisting the non- normalized 
product • by the unit element en,- 

Definition 4.2. The normalized product ★ is given by 

ill * h){z, z) = el\z, z){{fien) • (/2e;.))(^, z), (4.5) 
where /le^ and /2es stand for the point-wise product in ^[[ft]] and e^^ e 
Explicitly, the ^-product is given by the following formal integral 

ifi*f2)iz,z)= I h {z. v)f2iv, -z) e^(-'--"---)/''dM.(^, v). (4.6) 
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Proposition 4.3. The ★ - product ( |4.6| ) endows A[[h]] with a structure of a C- 
algebra, and has the property 

n 

fi*f2 = hh + h''d,hdj2 + 0{h^). (4.7) 

i,i = l 

Moreover, the linear functional tr : ^^[[fi-]] ^ C[h^^ , K\\ 

*!■(/)=/ eniz,z)f{z,z)dfin.iz,z), 

is cyclically invariant: 

tr(/i*/2)-tr(/2*/i). 

Proof. The property / * 1 = 1 * / = /, for all / £ A, follows from the definition. 
The strong form (4.7) of the correspondence principle follows from the computation 
of e^^\ given in Remark 4.1. The proof of the trace property is the same as in 
proposition 3.10. □ 



Remark 4.4. Using the previous remark, it is easy to find the first two terms of the 
normalized * - product. They are expressed only through elements of the inverse 
matrix H^^ = (h^^) — "polarized Poisson tensor", and are given by the following 
expression 

"-_ fc2"" 

/i * /2 = /i/2 + h J2 h''d,fM + y E E ih^'h'^d^J.dfj^ 

i J — 1 k,l — l 

+ h^^di{h^')djf,dy2 + d,{h'^)h'^'dlf^dkf2 
+ d,{h^^)di{h''')djf^duf2) + oiK"). 



Remark 4.5. Though the first two terms in ★ - product (4.6) are expressed through 
the Poisson tensor only, this is no longer true (without further restrictions on the 
Kahler metric) for the higher order terms. Therefore, the -k - product ( |4.6| ) is not 
suitable for the deformation quantization of a complex Poisson structure on C" 
— the problem solved by Kontsevich for arbitrary Poisson structures on R" 
Still, we believe that our approach can be successfully applied to the problem 
of deformation quantization of arbitrary complex Poisson structure on C", if it is 
modified in the spirit of the supersymmetric approach to the Duistermaat-Heckman 
localization formula (see, i.e., |2^). Specificall y, co nsider representation ( [3.l[ ) for 



the non- normalized • - product in the remark 3.9, and notice that the "action 



S = 4>{z, z; V , v) / h + {H^, ^) is not invariant under the supersymmetry transforma- 



tion. Introduction of the unit into the normalized 7k- - product (4.6) modifies the 
action in a way that cancels "vacuum diagrams" , but still it does not restore the 
supersymmetry. We conjecture that the supersymmetric action can be obtained 
by an appropriate deformation mod?i of the Kahler metric. Then, according to the 
paradigm of the supersymmetric quantum field theory, the corresponding Feynman 
diagrams will contain no loops and will depend only on the Poisson tensor and its 
derivatives. 
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4.2. Formal Bergman kernel. Here we will show that the unit element eti{z, z) 
can be interpreted as the kernel of a projection operator. Specifically, for any f €z A 
define the following formal integral 

Pn{f){z)^i en{z,v)f{v,v)e^-'<^^'^^-'(-'^^^^^d^iniv,v) (4.8) 

as the formal asymptotic expansion around the point v = z obtained by repeated 
"integration by parts". Namely, applying Stokes' formula n times, reduce the inte- 
gration of (n, n)-form 

^mz.v)-'S>{v,v)/h^^i A . . . A dw" A dw^ A . . . A dv" 

over the 2n-chain — direct product of n annuli centered at to the integral of (n, 0)- 
forni over the n-cycle — direct product of n circles of radii e around z*, i — I, . . . , n, 
and iterate this procedure. The term-by-term evaluation of the limit e — > results 
in a power series expansion in h (see Appendix for more details) . Equivalently, the 
formal integral f can be defined as the asymptotic of the distribution exp($(z, v) — 
$(w,w))/fi) as 0. 

This procedure is well-defined, since 

n 

$(z, v) — $(«, v) = di^{z, v){z^ — v^) + higher order terms, 

1=1 

and the matrix didj^{z, z) = hq{z, z) is non-degenerate. Coefficients of this power 
series expansion in h are given by infinite sums, convergent only when function / 
and Kahler potential $ are real-analytic. In the C°°-category, these coefficients 
should be interpreted as infinite jets. By C[[?i]]-linearity, Pn extends to the linear 
mapping Pn : A[[f{\] J[[f^], where J, where J is the space of global sections of 
the bundle of formal (with respect to h) infinite jets over C". 

Proposition 4.6. The mapping Pn takes values J^hoi — the space of global sections 
of of the bundle of formal holomorphic jets over C" . 

Proof. It is clear that in the real- analytic category the integral (|4.8| ), when it con- 
verges, is a holomorphic function. For the asymptotics of the integral, this is an 
algebraic property of coefficients. Therefore, the same is true for the formal power 
series with the coefficients in infinite jets in the C°°-category. □ 

Proposition 4.7. Operator Pn is a projector, P| = Pn. 

Proof. This follows from the identity between two types of formal integrals 

/ fiv,v)e^^'''-''^^'^/''df,n{v,v)=(f Uv,v)e^''<^'''^'^^-''y^/^dMv,v), (4.9) 

where fz{v,v) — /(u, t;)e(*(^'^)^*(^'^)'/'', proved in Appendix. Namely, for f £ J- 
and z e C" set gziv) = /(ti)e~^**^^'^'~*'^'^'^'/''. Using the property of the unit and 
that gz{v) is holomorphic in u, we get 

f{z) gz{z) = {en.* gz){z,z) 

= / en{z,v)gz{v)e^^'■'''■'^''''^^'^d^in{v,v) 

- / en(z,i))/(t^)e(*("'^'-*('^''^»/"dMn(«,^^) 
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□ 

4.3. Contravariant quantization. Here we define the formal analog of the map- 
ping Iri from contravariant to covariant symbols as the following formal integral 

/,(/)(z,z-)= / />, v) '^^l^"' e^(------^)/^'d^,(., v). (4.10) 

Jc" en[z,z) 

By C[[fi.]] -linearity, it extends to the linear operator In : A[[h]] — > -^[[S]] with the 
property 

oo 

/r^ = id + ^ 

1=1 

where /'"^ : A. Therefore, the operator In is inver tible . 
Define the Tk-product of contravariant symbols as in ( 2.15 ), 

fiif2^In\h{fi)*h{f2)), 

which, of course, is equivalent to the ★-product of covariant symbols. 

Define a formal Berezin-Toeplitz operator F : J^iioi[[fi\] J^hoi[[}i\] with con- 
travariant symbol / e A[[h]] as follows: F{g) — Pnifg) for aU g e Jho/[[^]]- We 
have the following statement. 

Proposition 4.8. The product F = F1F2 of formal Berezin-Toeplitz operators Fi 
and F2 with contravariant symbols f\ and fi G is a formal Berezin-Toeplitz 

operator with contravariant symbol f = /i*/2. 



Proof. This is a formal analog of lemma p.2[ . Using Fubini theorem for formal 
integrals and the equality of two types of formal integrals proved in the Appendix, 
we have 

Pn{f9){z)^ i e;,(z,i;)/(z,%(^;)e(*('^■^")-*('^^^))/''dM;,(^;,^;), 
where / — Inif)- The same arguments also show that 

{F,F2){g){z) - / e;,(z,«)(/i*/2)(z,%(i;)e(*(^'^)-*('^^^))/'^d/i,(«,«), 
and the statement follows. □ 



Remark 4.9. Some interesting explicit formulas for the asymptotic expansion of the 
Bergman kernel on C, as well as for the coefficients of the product were derived 
in P9|] . It is also interesting that in p9| the deformation quantization appeared as 
a part of M-theory in the string theory. 
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Appendix 

Here we will prove the following statement. 
Proposition 4.10. (Equality of two types of formal integrals) 

f{v,v)e^(^--^-'^^^y^dp.t,{v,v) = / fAv,v)e^''^^■^''^-''^^^''^'^'^d^ir^{v,v), 



where (j)(z, z; v, v) — ^{z, v) + z) — ^{z, z) — v) is the C'alabi function of 
the Kdhler form and 

Here the formal integral in the left hand side is understood as the formal Laplace 
expansion around the critical point v = z of the exponential factor, i.e., as the 
asymptotic of the distribution exp((/)(z, z; v, v)/h) as h 0. The formal integral in 
the right hand side is understood as the asymptotic of the distribution exp((<i>(z, v) — 
^{v,v))/h) ash^O. 

Proof. We will start with case n ~ 1: the precise definition of the formal integral 
^ will become clear in a due course. First, assume that / G C°°{C)poi, that the 
Calabi function has a single critical point at w z, and, assuming that the integral 



J(f){n;z,z)^^ / f{v,v)e'^^^'-^-^'''''^/'''d'^,^v,v)dvAdv 

exists for h > 0, consider its the asymptotic behavior as /i ^ 0. Replacement of the 
domain of integration by a neighborhood Us — {v \ v d C, \v — z\ < 6} oi z C 
(with certain S > depending on / and $ in the support of /) will result in an 
exponentially small error term as fi. ^ 0. (It would be also sufficient to consider 
terms that decay faster than any power ft^ with > 0). Therefore, 

J{f){h-z,z) = lim^5 / /(w,5)e'^(^'^"'''^^'/''C$(t;,t;)dvAdw 

£^0 27rfi Je<\v-z\<S 

^ hm^^ / /,(f,w)e(*(^^**)-*(''^^»/'^a25$(?;,i;)dz;Adw, 

where the symbol = stands for equality modulo exponentially small terms as ?i — s- 0. 
Next, for fixed z, consider the following representation (cf |p9| ) 

where 

oo 

A{h;v,v) = ^ A„(u,w)ft", 

n=l 

and satisfies the equation 

-dyA{h;v,v) + lA{h;v,v){dy<S>{z,v) - dy<S>{v,v)) = 1, 
n 

so that 

Ai{v,v) = {dy^{z,v) - a„$(w,w))"^ and A„+i{v,v) = Ai{v,v)dyAn{v,v). 
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Applying Stokes' formula, we get 

J(/)(S;z,z) = ^^lim{ / f,iv,v)A{h;v,v)d'^^^iv,v)dv^ 

2TTn e^O J(j^ Je<\v-;,\<S 

where = {v \ v G C, \v — z\ — e}, and we have used that the integral over the 
circle of radius S around z is exponentially small as fi. ^ 0. 
Repeating this procedure, we obtain 

J(/)(ft;z,z)-^lim V(-l)" / V-{ld^,,mv,v)A{h;v,v) 

g($(z,C)-$(t;,S))/S^^^ 

where D = A{H,v,v)dy. Finally, expanding A{h;v,v) into power series in H with 
coefficients An(v,v) that have singularities o„(z, z)(d — as v z, and using 
the generalized Cauchy formula 

1 f 



which is valid for any g € C°°{Us), we get an asymptotic expansion for J(f)(h; z, z) 
in terms of a power series in H. Clearly, the coefficients of this expansion are given 
by the infinite sums, convergent when the function / and Kahler potential are 
real-analytic. This expansion, extended to the formal category (with respect to 
h) with coefficients given by the global sections of the bundle of infinite jets over 
C, is the definition of a formal integral Now proposition follows by the same 



arguments as in the proof of lemma 3.4 



The proof for the case n > 1 is similar and is left to the reader. □ 
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